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Abstract 

We motivate through a detailed analysis of the Hawking radiation in a Schwarzschild 
background a scheme in accordance with quantum unitarity. In this scheme the semi- 
classical approximation of the unitary quantum - horizonless - black hole S-matrix leads 
to the conventional description of the Hawking radiation from a classical black hole en- 
dowed with an event horizon. Unitarity is borne out by the detailed exclusive S-matrix 
amplitudes. There, the hxing of generic out-states, in addition to the in-state, yields 
in asymptotic Minkowski space-time saddle-point contributions which are dominated by 
Planckian metric fluctuations when approaching the Schwarzschild radius. We argue that 
these prevent the corresponding macroscopic "exclusive backgrounds" to develop an event 
horizon. However, if no out-state is selected, a distinct saddle-point geometry can be de- 
fined, in which Planckian fluctuations are tamed. Such "inclusive background" presents an 
event horizon and constitutes a coarse-grained average over the aforementioned exclusive 
ones. The classical event horizon appears as a coarse-grained structure, sustaining the 
thermodynamic significance of the Bekenstein-Hawking entropy. This is reminiscent of 
the tentative fuzzball description of extremal black holes: the role of microstates is played 
here by a complete set of out-states. Although the computations of unitary amplitudes 
would require a detailed theory of quantum gravity, the proposed scheme itself, which 
appeals to the metric description of gravity only in the vicinity of stationary points, does 
not. 
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1 Introduction 



In the "conventional" description of black hole evaporation [1] correlations between the struc- 
tureless Hawking thermal radiation and the information contained in the space-time beyond 
the black hole horizon disappear in the singularity, leading to a violation of unitarity [2] , except 
if the black hole terminates on a problematic infinitely degenerate remnant [3]. 

Disregarding this possibility, one seems to be faced with an alternative: either there is, 
as in the original Hawking derivation, no information in the thermal state and unitarity is 
violated, or the original information is contained in the radiation and unitarity is preserved, 
which leads to suspect that the original field theoretic derivation was essentially incorrect. 
Violating unitarity would have dramatic consequences for energy conservation [4] and is at odd 
with string theories and with the AdS/CFT correspondence. On the other hand, the simplicity 
of the Hawking derivation and the consistency of its conclusions with the Bekenstein entropy [5] 
makes one reluctant to reject it. In the scheme proposed here, the Hawking description would 
emerge naturally from a unitary black hole S-matrix in a semi-classical approximation. 

We first remark that in conventional relativistic field theory the S-matrix describes elemen- 
tary particle interactions in a fixed background, namely Minkowski space-time. If coupling 
to gravity is considered, different S-matrix elements may require different corresponding back- 
grounds. We shall argue that in the presence of a horizon this constitutes a dramatic effect [6] 
which provides a clue for the solution of the black hole information paradox. More generally, 
this effect sheds light on the significance of the classical approximation of the quantum theory. 

We discuss exclusive and inclusive S-matrix elements for Schwarzschild black holes. 

Exclusive S-matrix amplitudes are scalar products (f\i) relating the Heisenberg in-state 
\i) of the initial constituents of a mass M Schwarzschild black hole to a particular "post- 
selected" [7, 8] final out-state |/) ^ \i) of the decay products. We provide some evidence that, 
for suitable initial states \i) and generic final states |/), the saddle-points in the path integral 
describing (f\i) define "exclusive backgrounds" upon which Planckian quantum fluctuations 
prevent the occurrence of an event horizon. This is taken as an indication that the black hole S- 
matrix is unitary, as originally proposed by 't Hooft [9, 19]. It was viewed as a complementarity 
structure by Susskind and al. [10]. The present interpretation of S-matrix unitarity is more 
directly related to the "fuzzball" conjecture [11]. 

Inclusive S-matrix amplitudes are defined by fixing only the initial state \i) generating a 
particular mass M black hole, thus avoiding post-selection. The black hole inclusive amplitude 
is a quantum superposition of its exclusive amplitudes and, as such, it inherits a quantum 
superposition of its exclusive horizonless backgrounds, highly sensitive to Planckian effects. 
However it is possible to select a unique alternate saddle-point yielding a geometry insensitive 
to Planckian metric fluctuations. This geometry is endowed with an event horizon. We take it 
as defining the classical approximation to the quantum black hole. We label the corresponding 
geometry the "inclusive background" and we show that it is an average over the exclusive 
backgrounds. The averaging means that the classical event horizon, and the classical world, is 
the result of a coarse-graining of the full quantum description and has only thermodynamical 
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significance. It is in this inclusive background that the Hawking radiation appears as a valid 
approximation. 

These considerations are inferred from a detailed analysis of the Hawking radiation in con- 
ventional field theory. However, although we shall formally write functional integrals over met- 
rics, we shall limit their use in the vicinity of stationary points. Thus the non-renormalizability 
of quantized Einstein general relativity, as well as the problem of the measure and of the ghosts 
linked to the gauge invariance of the theory, and even the possible emergence of the metric 
from a more fundamental structure are not expected to alter significantly our considerations. 

While in this scheme for solving the black hole paradox, the full computations of the exclu- 
sive amplitudes of the unitary S-matrix would require a well-defined detailed theory of quantum 
gravity, the scheme itself does not. 

In Section 2, we study in general terms the back-reaction of quantum matter on gravity 
in the vicinity of self-consistent backgrounds defined by saddle-points of the gravity-matter 
amplitudes. For exclusive amplitudes with out-state |/) selected, such exclusive backgrounds 
arise as stationary points of path integral evaluations. These yield (possibly complex) metrics 
driven by the "weak value" [8] of the energy-momentum tensor operator T^ u between the in- and 
out-states \i) and |/), namely (flT^i)/ (f\i). Leaving the out-state partially unspecified allows 
for alternate saddles which yield equations driven by generalized weak- values [12, 13]. If the 
out-state is left totally unspecified, the generalized weak value reduces to the usual mean value 
(i\T^ u \i). The resulting inclusive background defines a real metric driven by the expectation 
value of the energy momentum tensor in the in-state. 

In Section 3 we use these results to discuss the back-reaction of the Hawking radiation on 
the unperturbed background metric depicted by the Penrose diagram of a classical incipient 
black hole. In absence of post-selection, the inclusive background driven by the renormalized 
average energy-momentum tensor preserves the event horizon and allows for a semi-classical 
description. This is not the case if a generic out-state is selected on J + . After reviewing in a 
simple model the standard derivation of the Hawking radiation and the general decomposition 
of the weak energy momentum tensor [12, 14], we examine the consequences of selecting a 
quantum state on J + . We show that generic post-selection induces huge perturbations of 
the geometry at a Planckian distance of the horizon, invalidating a semi-classical description 
of the back reaction. We take this as evidence that the classical horizon of an unperturbed 
background cannot survive quantum fluctuations and that the aforementioned Penrose diagram 
is inconsistent for such post-selections. 

In Section 4 we argue that these inconsistencies persist in the full history of an incipient 
black hole and that post-selection yields, in a background void of classical horizon, an exclusive 
amplitude of a unitary S-matrix. We show how the horizonless unitary S-matrix can hide a 
coarse-grained horizon. We stress the implication of coarse-graining for the emergence of the 
classical world and its relation with the fuzzball conjecture. 
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2 The back-reaction of quantum matter on gravity 



2.1 The background for matter-gravity amplitudes 

Consider the amplitude for matter and gravity between a Heisenberg in-state defined by a 
functional acting on a configuration Xi = 9$} °f matter and gravity fields {<j)j, g^} 

on a given spatial hypersurface S , and a Heisenberg out-state |/), defined by the functional 
^ f acting on configurations Xf = {.4>)f \ 9$} specified on a hypersurface Si. The amplitude 
(f\i) is formally given by the path integral 

(f\i) = f V Xf V Xi W[x f mXi\ ]\V({</>f ) })V(g®)e*to*'"™X') , (2.1) 

t 

where S is an action functional and the functional and are evaluated on the lower and 
upper limits of the Green functional 

U\Xi,Xf\= / ]lva$ ) })V(9$)e*to"'"™*> ) . (2.2) 

Jxi t 

Here what we call a field configuration on a given hypersurface is a set of classical values of the 
matter and gravitational fields (satisfying the required constraint equations). In other words 
the configuration on the hypersurface S 4 denoted by X t is the equivalent of the position of a 
point particle, at time t, in classical mechanic. Functional of configurations is a representative of 
a state. It is the analogous of a wave function in point particle quantum mechanic. The Green 
functional is formally given by an integration on all the field configurations that interpolate 
between the initial and final configurations Xi an d Xji weighted by the exponential of i times 
the action S((pj, g^ u ; X i, Xf) evaluated on the interpolating fields. In the expression (2.1) of the 
amplitude (f\i) we didn't mention any more these boundary configurations because we have 
integrated on them by acting with the functional on X i an d *f on X f- 

In order to avoid misunderstanding let us emphasize a conceptual point, on which all the 
forthcoming discussion will rest. 

We view metric as a possibly emergent concept but we nevertheless assume that in the 
vicinity of saddle-points of some hitherto unknown path integral a geometrical interpretation 
does exist. This is in line with the interpretation of general relativity as a low energy approx- 
imation of a possibly more fundamental theory. Thus when we say that the path integral is 
"formally" given by Eq.(2.1) we do not simply refer to the precise mathematical definition of 
such an object, with all the difficulties linked to the measure, the Faddeev-Popov ghosts, etc. 
We mean that Eqs.(2.1) stands for a much more complex expression which can be expressed 
in terms of genuine metric fields g^ v only in the vicinity of saddle-points. Obviously, in what 
follows we shall not attempt to evaluate the deep quantum regime. We shall use the explicit 
form of Eqs.(2.1), restricted to its Gaussian approximation for the metric, keeping in mind that 
this procedure describes semi-classical configurations only if higher order quantum corrections 
are small. 
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To make contact with the black hole space-time of a collapsing star, we split the fields <pj 
into classical fields $^ representing the star and genuine quantum fields describing the Hawking 
radiation in absence of back-reaction. To have a qualitative understanding of its back reaction, 
we shall take a single scalar quantum field <fi. In the absence of back-reaction, the region outside 
the star is described by the Schwarzschild metric 

ds 2 = (l - du dv - r 2 dtt 2 , (2.3) 

with 

u = t-r* v = t + r*, (2.4) 

1M , , , , 

dr = (1 )dr* . (2.5) 



r=0 t=+oo 




t=-c» 



Figure 1: Penrose diagram of a collapsing shell. The horizon grows from to 2M at the star surface 
and remains constant outside the star. The trajectories of an s-wave Hawking light ray and of its 
partner are depicted in red. The region outside the horizon is painted in blue and the Minkowskian 
region inside the star in grey. 

The Penrose diagram of the black hole metric is depicted in Fig.l, where the star is mimicked 
by a shell. The tortoise coordinate r* spans the entire region outside the shell and outside the 
horizon. The advanced and retarded times v and u can be extended inside the star by requiring 
continuity of the metric across the shell. 

Let S g (g^ u ,&j) be the action in absence of the quantum field 0. The amplitude Eq.(2.1) 
reads, with V Xi = V(</>®)V(g$), V Xf = V{<f>W)V{g$), 

(f\i) = f V Xf V X i* { *[XfmXi) n^(0 W )^(^)e i[ ^ ( ^'^ )+59(9 -^ 1 , (2.6) 
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where = for = 0. Consider metric fluctuations around some background g° that will be 



later determined. Writing g^ v = g + h^, we expand the action in Eq.(2.6) in powers of h 



/( 



5Sa 



$9^/ o 

The path integral for the Green functional Eq.(2.2) reads 



V + 



SS<t 



89, 



(2.7) 



/ 



U[Mf;gU = e iS °' 



i5S 



1+ 



t 

s° r ( ss, 



exp 



5S„ 



89 



»v / 



(2.8) 



We changed the integration variables from g^ u to /i^ and integrated between the configurations 
i,0 _ h (f) - 

We tentatively assume that the gravitational fluctuations are small and perform a first order 
analysis, whose validity will be discussed later. Accordingly, we take functionals ^\ and S&f in 
Eq.(2.6) peeked on the configurations hfy = h$ = with negligible spread, so that Eq.(2.6) 
can be written as 

(/|<>= I D^/I^W^^i], 



where 



In absence of gravitational degrees of freedom we get 

</ii> = /p^^^^/N^Mn^^)^ 

:= |x>(0)^/[0/]^Me^. 



(2.9) 
(2.10) 

(2.11) 
(2.12) 



We introduced in Eq.(2.12) the condensed writing T> for an integration on the all slicing of the 
space, including the boundary slices. The functional integral Eq.(2.6) becomes 



</io = (mo 



£>(/v) expi 



(MA 



+ 



where the omitted terms are second order or higher in h^ v . 



(2.13) 
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Up to now the choice of the background was left unspecified. We define a background by 
a saddle point in Eq.(2.13), whether or not the steepest descent evaluation constitutes a good 
approximation of the path integral. Such unrestricted backgrounds may depart considerably 
from the usual classical limit. The vanishing of first order terms yields 



</|i> =C7e* s S</|i> H (2.14) 

where C is a determinant and (f\i)o the amplitude of the quantum matter evaluated in the 
background g® v . The dots refer to cubic or higher order terms in h^ u . Taking S g to be the 
Einstein action we get 



El ss R% - \g%# ~ SvrT^) = Svr^S^ . (2.15) 



Here T° is the energy-momentum tensor of the classical matter in the background g° and 
Tfi v is, in the Heisenberg representation, the energy-momentum tensor operator of the quantum 
matter in this background. Explicitly, 



iS° fss, 
Sg 



fl, V 



(2.16) 



Eqs.(2.15) and (2.16) show that the detailed back- reaction of the quantum matter on the 
gravitational background is driven by a functional of 0, labelled the weak value of T^ v [8]. 
Eq.(2.15) should be viewed as an equation for a (generally complex) background. If higher 
order quantum corrections, that is higher order terms in Eq.(2.14), may be disregarded, we 
shall qualify the background as semi-classical. In that case, the boundary configurations in the 
amplitude Eq.(2.13) must be taken to be consistent with the boundary conditions imposed on 
the solution of the integro-differential equation Eq.(2.15). 

It is quite remarkable that the quantum nature of the matter field on a background is en- 
coded in the weak value of the energy-momentum tensor, which, as will be shown in Section 3, 
may depart in an important way from its expectation value. This has in particular the fol- 
lowing consequence. Consider a classical background metric g Q solving the classical Einstein 
equations: 

R% ~ \g%R" - Stt TjL W = • (2.17) 

and define 8g^ v as the first order correction induced by the last term of Eq.(2.15). Expanding 
the left hand side of Eq.(2.15) around g® u = g^ u + 8g^ v , we obtain a linear equation: 



^^ =8 "^yr- (2 - 18) 



Here, we are looking for a solution of Eqs (2.17) and (2.18) interpolating between the geometries 
given on S and Si. Let us emphasize that we assume its existence and unicity as part of the 
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definition of the background g° . We may then interpret these solutions as the matrix elements 
of a metric perturbation operator 

« = ^1#5, (2.19) 



</|i)ii 



which, accordingly, is completely defined with respect to the background metric g® u . The 
linearized gravity response to quantum matter encoded in Eqs.(2.18) and (2.19) will play an 
essential role in the analysis of Section 3. 

We now review the properties of weak values which are relevant in the black hole context. 



2.2 Exclusive and inclusive backgrounds 

The evolution of a quantum system is determined once the initial or "pre-selected" Schrodinger 
state \it^} at time ti is fixed. More information can be obtained on the system if one fixes in 
addition a final or "post-selected" state \f tf ) at time tf. Such time-symmetric presentation of 
quantum physics was introduced by Aharonov et al. [7]. The weak value of an operator A at 
some intermediate time t was defined in reference [8]. It reads, in the Heisenberg representation, 

<*W = «, (2.20) 

where we labelled \i) the in-state and |/) the out-state. In Section 4, we shall consider the mass 
M black hole S-matrix between an in-state defined by the functional of configurations \i) on J~ 
describing its constituents and out-states |/) describing its decay products on J + , in analogy 
with an exclusive S-matrix element (f\i) in elementary particle scattering processes. More 
generally, in what follows, we shall consider for a given in-state \i) a complete set of orthonormal 
decay products out-states |/) such that < |(«|/)| < 1, and refer to such amplitudes as to 
exclusive ones. Using the completeness relation and Eq.(2.20), we see that the weak values are 
related to the expectation value of A by 

£p/^«*] = <*|40 , Pf=\(m\ 2 - (2-21) 
/ 



We now consider more generally the case where the out-state |/) is left partially or totally 
unspecified. To this effect, we first introduce generalized weak values [12, 13]. 

The set of out-states span some Hilbert space H. Let us consider a decomposition of H 
into a tensor product H = Hi Cg>H 2 . We perform a "partial" post-selection on Hi, |/h ) G Hi, 
leaving the final state on H 2 unspecified. Writing A^ eak ^ in Eq.(2.20) as 

fi tr|/)(/|i|»)(»| 

[weak] ~ fr |/)(/|j)(j| ' ^ ■ > 
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one generalizes the weak value to 



A f^i _ *n*,\fk)(fk\ A \W\ (2 23) 



i 



where I1h 2 is the projection operator onto H 2 . Equivalently one has 

fk i (i\fL)(fL\AH) , x 

A, 1 n = 1 — — . (2.24) 

Partial post-selection on Hi is thus equivalent to the choice of a final state |/hi)(/hJ0) that 
is of a EPR conjugate pair l/j^) on Hx and (/hJO on H 2 . Using the completeness relation in 
Eq.(2.24), we see that the generalized weak values are related to the expectation value of A by 1 

EP&/ltea k] = mi) , P fk =(i\fk)(fk\i)- (2-25) 

3 

When the final state is left completely unspecified, namely if no post-selection is performed, 
the projection n H2 in Eq.(2.23) extends to the full Hilbert space H and one obtains 

*u - = < i|i(t > *> • <2 ' 26) 

recovering the expectation value as the generalized weak value of A in absence of post-selection. 

The real part of the weak value of an observable A, Eqs (2.20), was interpreted in reference [8] 
as the result of its weak, i.e. approximate, measurement at times intermediate between the 
pre- and post-selections by exact measurements of the states \i) and |/). In the present work, 
weak values of the energy-momentum tensor T^ u appear in Eq.(2.15) as sources of quantum 
matter back-reaction on background geometries. Such backgrounds will be labelled "exclusive 
backgrounds". The weak values of the energy-momentum tensor operator act in Eq.(2.15) 
as quantum sources for background geometries in exclusive amplitudes, namely for exclusive 
backgrounds. 

The fully inclusive amplitude (it f \U(tf, ij)|itj) in the Schrodinger representation, is 

just unity. From the functional representative of \i tf ) in the path integral, on may select a 
single saddle-point that yields from Eqs (2.15) and (2.26) a real metric background driven by 
the expectation value T^ weak ^ = (i\T^ u \i). We label it the "inclusive background". Alterna- 
tively unitarity allows to write the inclusive amplitude as a coherent superposition of exclusive 
amplitudes, namely X^/ a /«(/N) with a/j = (i\f). As a consequence of Eq.(2.21), the inclusive 
background appears as a statistical average of the exclusive ones 

KM = J2\W)\ 2 K»(9p, (2.27) 

/ 



1 The states \i),\f) and \fd ) are normalized to one. Generically, the EPR conjugate state of the latter, 
written as (/hJ«), is not. 
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where the sum is over the (possibly complex) backgrounds gfy for a complete set of post- 
selected states \f) and a suitable initial state. In the linear approximation Eq.(2.19) around 
some average background it reduces to bg^ v = Ylf l(^l/)| 2 &9%- This averaging results from 
the denominator in the weak values driving both inclusive and exclusive backgrounds. Let us 
emphasize that, as will be apparent later, on Si, the representatives of |/) may differ wildly 
from that of \i). 

Partial post-selections define from Eq.(2.15), using in its right hand side the corresponding 
generalized weak values, "semi-inclusive" backgrounds. We summarize in Table 1 the relation 
between the quantum sources of exclusive and inclusive backgrounds. 

The generalized weak values of the energy-momentum tensor operator act in Eq.(2.15) as 
quantum sources for both exclusive and (semi-) inclusive backgrounds. We shall discuss in the 
Section 3, for times short compared to black hole lifetime, inclusive and semi-inclusive back- 
grounds resulting from post-selection on J + , taking as unperturbed metric the one depicted by 
the Penrose diagram of Fig.l. We shall show that post-selection induces huge metric fluctua- 
tions in the vicinity of the horizon. In Section 4, we shall argue that similar effects are present 
in the S-matrix when back-reaction is fully taken into account and that they provides a clue 
for solving the black hole information paradox. 

Table 1: Links between the quantum sources of metric backgrounds for exclusive and inclusive back- 
grounds. In the linear approximation around a given background metric these relations imply 
similar ones between metrics corrections 5gp c in Eq.(2.19). 



post selection 




i) 


exclusive 


partial post selection 




f 
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I 


no post selection 




10 


inclusive 



3 Back-reaction of the Hawking radiation 

3.1 The black hole paradox : singularity and horizon 

The "conventional" description of black hole evaporation, depicted schematically in Fig. 2, leaves 
us with the alternative of violating unitarity or rejecting as fundamentally incorrect the Hawk- 
ing derivation of black hole radiation. This alternative is rooted in the assumption that the 
unitarity issue originates in the problem posed by the singularity. However unitarity may pos- 
sibly be related to the fate of the horizon: the conventional derivation of the radiation requires 
transplanckian quantum fluctuations close to the horizon and the question arises whether these 
induce important back-reaction. 
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t=+oo 




Figure 2: "Conventional" Penrose diagrams of a collapsing shell, (a) Without back reaction : the 
horizon grows from to 2M at the star surface and remains constant outside the star. The trajectory 
of an s-wave Hawking light ray is depicted in red. The region outside the horizon is painted in blue 
and the Minkowskian region inside the star in gray, (b) Including back-reaction : the horizon grows 
from to 2M at the star surface, then decreases to during the evaporation. 

At first sight, the answer is negative. The average energy momentum tensor in the back- 
ground of Fig.l is completely insensitive to transplanckian fluctuations, and the equivalence 
principle strongly suggests that the back-reaction felt by a classical free-falling object does not 
affect significantly its trajectory across the horizon. Moreover a quantum particle crossing the 
horizon does not experience a dramatic gravitational interaction from these fluctuations because 
the contributions of the transplanckian ancestors of the Hawking photons are cancelled by those 
of their partners on the other side of the horizon [15]. Again, this is not unexpected, as the 
small curvature near the horizon makes the black hole event horizon similar to the Rindler hori- 
zon which should not prevent a particle to travel freely across it in Minkowski space. Thus, for 
times short compared to the black hole lifetime, the conventional background of Fig.l appears 
as a valid classical background in which quantum effects, including gravitational back-reaction, 
take place. 

Our point is that those arguments are not sufficient to ensure that the horizon survives the 
Hawking radiation back-reaction. In absence of post-selection the classical geometry of Fig.l 
can be used as a good approximation for the inclusive background. We shall confirm in Section 
3.2 that the back-reaction remains weak in the vicinity of the horizon. But we shall show 
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in Section 3.3 that a generic post-selection of a state on J + induces a strong back-reaction, 
questioning the very existence of the classical horizon for semi-inclusive backgrounds. In this 
perspective, the black hole unitarity issue may be rooted in the horizon rather than in the 
classical singularity, as a horizon-free black-hole S-matrix could be consistent with unitarity [9, 
19]. 

We determine here the first order effect of quantum matter on the classical geometry of the 
incipient black hole depicted in Fig.l. The impact of post-selection on the quantum matter 
energy-momentum tensor is reviewed [12, 14] and further analyzed. We derive in the linear 
approximation the corresponding back-reaction on the background geometry and discuss its 
consequences. We shall then argue in Section 4 that the essential features uncovered in this 
simple case have a more general validity. 



3.2 Back- react ion of the Hawking radiation: no post-selection 

The background of Fig.l depicts the classical space-time in which the Hawking radiation is 
computed in absence of back-reaction. If no post-selection is performed, the back-reaction 
for the inclusive background is driven by the average energy-momentum tensor. Performing 
a suitable renormalization, the latter is regular on the horizon in the free-falling frame as is 
characteristic of the "Unruh vacuum". To prepare for the discussion of the effect of post- 
selection, we first review the computation the average energy-momentum tensor, stressing the 
link between horizon regularity and Hawking radiation. 

Consider first the s-wave contribution of the field 0, neglecting the small residual rela- 
tivistic barrier (see Eq.(3.80) below). This amounts to truncate the metric Eq.(2.3) to the 
two-dimensional one 

ds 2 = ( 1 - — J du dv, (3.28) 



together with Eqs.(2.4) and (2.5). The Heisenberg equation of motion for is 

d u d v <f> = , (3.29) 

and the trace anomaly yields 

/ v 1 / 2iW. /on 1 M , 1M . 

<l|r »- ,|!> = -96^ (1 " ~ )R{ ' = "2S^ (1 ~- > ' (3 - 30) 

where is the two-dimensional scalar curvature and the expectation value of fuv is related 
to the (s-wave) contribution to the expectation value of the four-dimensional energy-momentum 
tensor 2 T uv by = 4irr 2 T uv . From Eq.(3.30), integrating the conservation laws for T^ 2 } and 



2 We distinguish two- and four-dimensional energy-momentum and curvature tensors by a superscript (2) for 
the former and none for the latter. 
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Tvv\ one gets outside the star 
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+ t u (u) . 



(3.31) 
(3.32) 



One ensures Minkowskian boundary conditions on J~ by requiring t v (v) = 0. This is equivalent 
in field theory to a renormalization of the energy-momentum tensor by subtracting its local 
(divergent) Minkowskian expectation value. Consistency with Hawking radiation then imposes 



lim t u (u) 



1 

2n 



o8ttMuj 



-duj 



(AM) 2 48tt ' 



(3.33) 



One gets in the vicinity of the horizon for asymptotically large advanced times (r — > 2M, 
v ->■ +oo) 3 , 



12tt 



M 2M M 2 



r^2M 



1 -1 



(4M) 2 48tt ' 
-1 



M 2.1/ M 2 

r->2M ] 



r 7 (4M) 2 12vr' 
1 1 



(3.34) 
(3.35) 
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(3.36) 



Consider the energy-momentum tensor felt by an object heading towards the horizon on a 
geodesic trajectory. On such trajectory 



du 

ds 
dv 

ds 



r-»2M 



»2M 



[C(l 



2M 



)]■ 



(3.37) 
(3.38) 



where C is an integration constant. From Eqs. (3. 34), (3. 35), (3. 36), and (3. 37), (3. 38), we see 

(2) 

Ttt , where r is the proper time of the object, is regular on the horizon outside 



that T$u»u v 



3 For finite v, the first non- vanishing term in the expansion of t u (u) in terms of (1 — 2M/r) is of order 
(1 — 2M/r) 2 and has the form ^4(1/M 2 )(1 — 2M/r) 2 exp(— v/AM) where A is a numerical constant (for a 
collapsing light-like shell along v = v s , A = — cxp(v s /4M)/128"7rM 2 ). This terms yields thus for finite v a 

" (2) 

contribution to (i|T„„ \i) of the same order in (1 — 2M/r) as the leading contribution of t u (u) but vanishes on 
J + . In what follows, when expressing matrix elements of T uu in the vicinity of the horizon, we shall always 
quote the value obtained from the leading order of t u (u), hence its expression on J + . As in Eq.(3.36) hereafter, 
this ensures for asymptotic large v the validity of the expression up to r < 0(M). Quantitative results for v 
finite differ only by a finite numerical factor which does not affect its convergent (or divergent) character on the 
horizon. 
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the star, vanishes in the limit M — > oo, and is not positive definite. One gets 

^--^wM'-^i^-^C). ,3, 9 , 

The regularity of the energy in the free falling frame Eq.(3.39) is a property of the Unruh 
vacuum. Alternatively, one may characterize the behavior of the average energy-momentum 
tensor outside the star in the vicinity of the horizon in a coordinate invariant way. One computes 
the renormalized scalar (T 2 )ff nruh defined by 

(T 2 ) ( uL h = T$T^^ = 2TW{ g ™y T W + 2T^{9 uv fT^ , (3.40) 

where T^J = (i\T$\i). Using Eqs.(3.34), (3.35) and (3.36), we recover on the horizon a finite 
contribution that vanishes in the M — > oo limit: 

, 2 .(2) r^M J 1_ ( , 

^ /unmh (4M) 4 24vr 2 ' { J 

In the four dimensional theory, T uu in the free falling frame is also finite on the horizon and 
therefore so is the scalar (T 2 )u nru h. Its s-wave contribution is, except for the small relativistic 
barrier, given by (T 2 )ul ruh /n 2 M 4 . Such a finite contribution persists when all modes are taken 
into account [16] 

(T 2 ) Unruh ^ O (^) . (3.42) 

To characterize the linear back-reaction Eq.(2.18) in absence of post-selection, we consider 
Eq.(2.15) with the weak value on the r.h.s. taken to be the expectation value evaluated in the 
Schwarzschild background g° given in Eq.(2.3). Outside the star we put T® v ({$j}) = to get 

R%R^° = Q4n 2 (T 2 ) Unruh . (3.43) 

Thus if no-post selection is performed, the back-reaction to the inclusive background remains 
small in the vicinity of the unperturbed background and the curvature at its horizon remains 
small and vanishes when M — > oo. The Penrose diagram of Fig.l constitutes a valid approxi- 
mation to the inclusive background for times small compared to the black hole lifetime. 



3.3 Back-reaction of the Hawking radiation: partial post-selection 
3.3.1 A simple model 

We have depicted in Fig.l the light ray trajectory of an s-wave ending on J + and that of its 
partner ending in the singularity on the other side of the horizon %. However that part of 
space-time is irrelevant for the derivation of the Hawking radiation from an incipient black 
hole. It can indeed be derived solely from the region (painted in blue in Fig.l) outside of the 



14 



event horizon. The Hawking radiation is sometimes interpreted, not only as a pair creation 
but also as the tunneling of the partner of the Hawking quantum through the horizon. This 
interpretation can be made quantitative [17] but involves already some back-reaction, as energy- 
conservation, including the black hole mass, must be imposed. In the present work, we consider 
the dependence of the back-reaction on the out-states and we wish to keep only the minimal 
hypothesis necessary to derive the Hawking radiation. This does not require the inclusion of the 
space-time beyond the horizon. For sake of completeness, we briefly recall here the derivation 
for the shell model which contains all the necessary ingredients. 



r=0 t=+oo 




t=-°o 



Figure 3: The Penrose diagram of Fig.l for a light-like shell. 



As in Section 3.2, we first limit ourselves to s-waves and neglect the residual relativistic 
barrier. In addition we shall take a light-like shell in order to avoid irrelevant constants in the 
near-horizon wave-functions. The Penrose diagram is depicted in Fig. 3. When r s — 2M < 0(M) 
where r s is the star radius, one may use in Eq.(3.28) the approximation 

2M\ (v s -u) 

* -p , (3.44) 

where v s is the advanced time on the shell. In this limit, we take a solution of the field equation 
Eq.(3.29) expressed in terms of a complete set of normed wave functions | ± oS) on % U J + . 
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These are 



v) = / dco [\ - u out )a™* + | + u out )a°£ + h.c] , 
Jo 

-w OMt ) = 



©(— 1>) exp(i4Mw In — ) — exp(— iuu) 

1 v 
&(v)exp(-i4Moo In-) . 



(3.45) 



(3.46) 



\/4aruj a' 

Here | — u>) has positive frequencies on J + and vanishes at r = inside the shell 4 and ±u> 
designates respectively out-states defined on H and J + . 

A convenient complete set of positive frequency wave functions on J~ is 

exp(±w27rM) 



Q(v) exp(=R4Mw In -) 

^8nu sinh(w4vrM) a' 



+ 



exp(^w27rM) 



Q(—v) exp(=|=i4Ma;ln — ) — exp(±iuu) 

(X 



^8nu sinh(w47rM) 

The -in and -out operators, a± w and a±^, are related by the Bogoljubov transformation 



(3.47) 



n in _ out 

a ±LU — a u a ±LU 



out] 



exp(u2nM) 



exp(-cu27rM) 



, (3.48) 



^2 sinh(o;47rM) ~ a/2 sinh(w4vrM) 

and the Heisenberg vacuum \i) is related to the out-vaccum where \Q) = by 



\i) = exp 



Pui out] out] 



OUZJ OUll j 

a_Ja + J duj 



|n>. 



The Hawking radiation obtains at the global temperature (8itM) 1 , 

1 

trn Hw |i)(i| = -exp(-87rM)i/ , 



(3.49) 



(3.50) 



where H is the free field Hamiltonian and Z its partition function. 

The existence of the non-trivial Bogoljubov transformation Eq.(3.48) follows from Eq.(3.44). 
Thus, the Hawking radiation starts at a Schwarzschild time t when the radius of the shell r s 
approaches the horizon within a coordinate distance r s — 2M of order M. One introduces the 
"proper distance" to the horizon 



p(r) 



pr 

/ gU 2 (r')dr' ~ (SM)^(r -2M)J, 

J2M 



(3.51) 



that measures the local Hawking temperature Ti oca i = l/(87rM v /^oo) ~ l/p(r). Thus the local 
frequency of a Hawking quantum, measured on the star surface, reaches the Planck scale in a 



4 The first term in the first equation Eq.(3.46) is determined by the vanishing condition at r = inside the 
shell, defining the u, v coordinates there by requiring continuity of the metric across the shell. 
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static frame when p(r s ) = 0(1), or equivalently when r s — 2M = 0(1/M). This happens at 
a time t — to — 0(4M In M). As quanta with energy of 0(1/M) are emitted in a time O(M), 
the evaporation of the black hole into 0(M 2 ) quanta takes a time of 0(M 3 ). This means that 
the evaporation requires transplanckian scales up to p^ 1 = 0(M _1 exp£M 2 ) with £ = 0(1) 
and that only a negligible fraction of the radiation occurs before the star reaches a Planckian 
vicinity of the horizon. While these fluctuations do not affect significantly the metric of the 
inclusive background, they will play a crucial role in exclusive backgrounds, as will be seen in 
Section 3.3.3. 

The above computation of the Hawking radiation Eq.(3.50) illustrates in simple terms that 
unitarity is verified in the space-time region limited by the horizon and that the thermal dis- 
tribution arises solely from the trace over the states on the horizon. In fact, if one conceived 
the physically contrived experiment of bringing the classical shell at rest when p <C 0(1), the 
Hawking radiation would start as usual when the radius of the shell reaches p = 0(M) and 
would stop when the shell reaches its final position. There would be no event horizon and the 
correlations between the quanta emitted as the shell is decelerating and of the earlier Hawking 
quanta would ensure unitarity. It may be useful to keep this thought experiment in mind when 
studying the back-reaction of the Hawking radiation in presence of a post-selection on J + as it 
suggests a more genuine quantum way to connect unitarity with the fate of the event horizon. 



3.3.2 General decomposition of the weak energy momentum tensor 



Starting with the unperturbed background of Fig.l, we now impose an out-state \tp) on J + . 
The Cauchy surface defining the out-states is J + U H and the Hilbert space decomposes in the 
tensor product H = Hj+ <S> H^. The expression of the weak energy-momentum tensor for such 
a partial post-selection generalizes to Eq.(2.24). It reads 



pV»(2) 
" iif[weak] 



(i 



(i 



(3.52) 



The in- vacuum \i) is defined on J and G H% is the EPR conjugate of the state 



~ (2) 

The Tuu component of the energy-momentum tensor contains the relevant information about 

uu[weak] 



the Hawking radiation. We shall evaluate T fj^ 2 }^ near the horizon. One has 



f-(2) = . f{2) . ,/j\f( 



2 )| 



(3.53) 



where 



: f£) : \i) = lim f [ dudu' 



o u i\ — u ) + o u i\+ u ) a 



d»n\-J in )*j*, + d u ,,\+u' in )*& \i). (3.54) 
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The Bogoljubov transformation Eq.(3.48) implies 



inf ini i -\ 



out] out] A 



OUtt rul r / /\ 

T J-— Si"-") 



(3.55) 



:J£ ) :|0= :=J2 } ==+ ^ ' 10, (3-56) 



and we write 



where :: T uu ' :: contains only pairs of out-state creation operators. Combining Eqs.(3.53) and 
(3.56) we get [12, 14] 




^ eafc ]~ (#>(#> (n\i) ^ 1 1 ; ' 



One may interpret Eq.(3.57) as follows: the last term in the r.h.s. is a renormalized expectation 
value which was evaluated in Eqs.(3.32), (3.33) and (3.36). The Hawking radiation ensures its 
regularity on the horizon, as seen in the scalar (T 2 }^ nruh , Eq.(3.41). The second term is the 
weak value of the final vacuum, which thus contains no radiation. One expects that it will 
lead to the divergence on the horizon characteristic of the static "Boulware vacuum", as will 
be checked in Section 3.3.3. Using Eqs.(3.31) and (3.32) with t v — t u — 0, we get for the sum 
of the two last terms of Eq.(3.57), in terms of the proper distance to the horizon Eq.(3.51), 

/Ttfv (2) r-*2M 1 1 , v 

X 1 /Boulware f p 4 2887T 2 ' [.O.OO) 

The divergence in Eq.(3.58) represents the infinite negative vacuum energy of the Boulware 
vacuum on the horizon, as seen for instance in Eq.(3.34). As a consequence of the general 
sum rule Eq.(2.25), this divergence cancels if one averages the weak values Eq.(3.57) with 
probabilities (i\ipk) (^hli) over a complete orthonormal set on J + ■ One recovers in this 
way the regular expectation value (i\T^} from which we constructed (T 2 )^l ruh . One may 
view the first term in Eq.(3.57) as a particular contribution to the radiation energy on top of 
a Boulware vacuum described by the two last terms. 

We shall now discuss in more details the decomposition Eq.(3.57) and extend our conclusions 
to the four dimensional case where Eq.(3.57) similarly reads 

^ _ (eMM :: T„„ :: \i) (gj : f uu : \i) f 

This will allow us to obtain the linear back-reaction for partially post-selected states, as a 
preliminary step for formulating our conjectures about S-matrix amplitudes in Section 4. 

3.3.3 Back-reaction of the partially post-selected Hawking radiation 

We first confirm the divergence Eq.(3.58) of the vacuum terms. From Eqs(3.54), (3.55) and 
(3.48) one gets 

(gj : fff : \i) 1 f°° u -1 1 

" 2tt J aU e ^ M "-l (4M) 2 48vr' 1 ' 
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and hence, using Eqs (3.32) and (3.33), we obtain in the vicinity of the horizon, for asymptot- 
ically large v, 



(n\ : f$ : \i) 



+ (i\Tl 2 J\i) 



M 2M M 2 



(3.61) 



(n\i) ■ \ < «« < / 12n 

thus recovering Eq.(3.32) with t u (u) = and hence the divergent Boulware vacuum result 
Eq.(3.58) 5 . 

We now estimate the first term in the decomposition Eq.(3.57), namely 



, V> i (2) rad 



We expand the state into a complete set of orthonormal states |Pj), which we take to be 
energy eigenstates. Thus 



y^oti\Pi) with \Pi) = — = 1 (a 
^ Vni!n 2 ! . . .n n \ 



~out\\ni (~out\ \n n 



~a°Zi) nn \n I+ ) . (3.63) 



Here, we have discretized integrals over final states, using a cutoff time r for the emitted 
radiation, namely 

'2tt\ 3 



i 

Letting f — >■ oo leads to the conventional description of the Hawking radiation in absence of 
back-reaction. This limit is however unphysical as the total radiation energy on J + would 
diverge, as it is only compensated by that of the partners independently of the black hole mass. 
Introducing an energy conservation constraint would limit f to the evaporation time 0(M 3 ) 
but we shall here simply use f as a regulator in the unperturbed problem for computing energy 
densities. From Eq.(3.49) and (3.63), one gets 

( Pl \i) = 1 ,exp (-AirM^fnA ■ ■ ■ W-lY^u) ■ (3.65) 



k=i 



Eq.(3.65) shows that the denominator of Tuu d ^^ is diagonal in the energy basis 

\Pj) and is given by 



n 



<#><#> = (iinXniO^loil'exp ( -8ttM5>«4 1) ) • (3-66) 
From Eq.(3.49), one has 

im)^)]- 1 = 5>xp(-87rM£ 4 ) Et = Y.^Sf , (3.67) 



k=i 



n 



k=l 



3 The divergence sticks of course for finite v (see footnote 3). 
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and Eq.(3.66) can be written as 

(#><#) = X>i| 2 Pi, (3.68) 

i 

where pi is the thermal probability of finding the state |p) of energy E-i at the temperature 

The numerator :: fuu ■■ \i) of T^^j™* contains both diagonal and non-diagonal 

terms. Eqs.(3.54), (3.55), (3.63), (3.65) and (3.67) yield for the diagonal contribution to the 
numerator of an energy state |Pj) 

(i\Pi)(Pi\ :: f$ :: |i) = lim \ Vl E t . (3.69) 

T^OO T 

Note that summing Eq.(3.69) over the complete set of energy states and using the continuous 
limit Eq.(3.64), one checks 

1 f°° id 11 

This term cancels in the general partial post-selection sum-rule Eq.(2.25) the contribution of 
the weak value of the final vacuum \Q) in Eq.(3.57) to recover the regular expectation value of 
fj$ given in Eq.(3.36). 

We write the f-regulated T^ l ,^Z d as the sum of its diagonal part f-regulated y^*( 2 )™ dI3 

° uuyweak] of o uu[weak\ 

and its non-diagonal one T,f w dJVD - One has 

o uu[weak\ 

T 4>i(2) radD _ Ei \®i\ 2 (i\ p i)( p i\ ■■ T$ :: \i) = 1 Ei \o^Pi^i ,„ 7]) 

uu[weak] E>jl 2 <*l^><^l*> * E>*l 2 Pi ' 

while 7^( 2 )™ dJVD exhibits oscillations on scale Au = O(M). These arise because the numerator 

uu[weak\ v / 

of Eq.(3.62) contains complex terms a^a* (i\Pk) (Pi\ " fuu ■■ \i) k^l when |P fc ) and \P t ) differ 
by one unit in the number of photons for two frequencies u a and uui,. This induces a phase 
factor exp(w a — u^)u or exp±(w a + uo^u, according to whether the total number of quanta in 
\Pk) and \Pi) are the same or differ by two units. For typical frequencies u a ~ Ub — l/M, these 
phases give rise to the aforementioned oscillations, allowing for the description of wave packets. 

Let us first consider the behavior of T^SJ}^ dD close to the horizon as experienced by a 
free-falling object. The r.h.s. of Eq.(3.71) will cancel the Boulware singularity on the horizon 
if and only if 

hm '- ^Y 1 = -(E) - - f ^ i W =77^—- (3-72) 
f^oof 2vr 7 e ^ Mw -l (4M) 2 48tt v ; 
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This would be the case if all the ctj were chosen to satisfy Eq.(3.72), for instance, if all \cii\ 
were equal. 6 Consider post-selections from states with comparable contributions to r p^f^< D ^ 
as the thermal average, namely 0(1 /M 2 ). These we label generic post-selections. Close to the 
horizon, their weak energy density T^® a k] * s ' on ^ ne avera S e ; dominated by the sum of the 
Boulware energy density Eq.(3.60) and lZ^ Dm . Thus 

T uu[weak] — + - ( 4M )2 ^ + ^"> = " ( 3 ' 73 ) 

This yields a singularity on the horizon in the free falling frame or in the scalar (T 2 )^l ak defined 
by Eq.(3.40) with T$ now identified with the weak value T^} ak] . We evaluate (T 2 ) (2) eak with 
T uu[weak] S iven b y Eq.(3.73), T^H k] outside a Planckian vicinity of v = by the expectation 

value Eq.(3.34), and the c-number Tj^^ by the trace anomaly Eq.(3.35), to get the leading 
contribution close to the horizon: 



(TXL ™ O i^j . (3.74) 

This result characterizes the divergence of the weak scalar (T 2 )^ eak for such generic post- 
selected states on J + , which is of course of the same order of magnitude as the divergence 
of the Boulware vacuum energy density given in Eq.(3.58). More generally, nearly all post- 
selections will have a divergence on the horizon. 

Generic non-diagonal T^ u ^ a r k ^ dND have similar amplitudes 7 but, as discussed above, oscil- 
lates on a scale |Aw| ~ 1/oj — O(M). Similarly T vv \ wea u oscillates on the scale |At> | ~ v/AMu 
which is of order 0(M) in the vicinity of the star. Close to the horizon we get 



A(T 2 ) (2) ~ (T 2 ) (2) 

\ I weak \ I weak 



1 (|A«| + |Au| + |Ar*|) 



M 



(3.75) 



where the last term comes from the variation of (g uv ) 2 . Consider for instance a constant t line. 
The three terms are of order M and hence Ar = 0(r — 2M). When the amplitude encoded 
in Eq.(3.74) reaches the Planck scale, Ar = 0(1/M) or equivalently Ap(r) = 0(1). Thus the 
amplitude and the spread of the oscillations of (T 2 )^^.^ reach simultaneously the Planck scale 
at an invariant Planck distance p = 0(1) from the horizon for generic post-selected states. 
More generally, nearly all post-selected states will exhibit divergent oscillations in the vicinity 
of the horizon. 



6 Such a tuned choice in the unperturbed geometry of Fig. 3 might be more natural in a background consistent 
with back-reaction. It might mimic energy conservation in the evaporation process in a finite dimensional Hilbcrt 
space. This cannot be imposed in the unperturbed background where energy conservation is trivially satisfied 
(in an infinite dimensional Hilbert space) between the radiation energy and the negative energy crossing the 
horizon, independently of the star mass. Thus singularities on the horizon in Eq.(3.72), and in Eq.(3.74) 
hereafter, might be an artifact of the approximation. This should be kept in mind while carrying the following 
discussion in the framework of this approximate description. 

7 This is true whether or not the singularity implied by Eq.(3.73) is effectively realized (see footnote 6). 
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Up to now, we have considered T , ;1 close to the horizon, outside the star. Inside the 

L ' uu[weak\ ' 

star, the Minkowskian metric can be written as 

ds 2 = dU dV U = r-r , V = r + r , (3.76) 

and continuity of the metric close to the horizon across the light-like shell yields 

v — v 

U = -4Mexp- , V = v. (3.77) 

1 AM K ' 

For the generic post-selection considered, we get inside the star, near its surface, a value com- 
parable to its value outside the star 

, 2 ,(2) r^2M (2) T (2) = R ( du_ V (2) (2) 

\ J /weak [/[/[lueafc] VV[weak] I I uu[weak] vv [weak] 

= ° • (3J8) 

To get an idea on how T^ weak ^ could affect the geometry in the Planckian vicinity of 
the horizon, it is mandatory to include, at least at a qualitative level, the contribution to 
the weak energy-momentum tensor of the higher angular momentum modes in the genuine 
four-dimensional case. First we notice that for the spherically symmetric s-wave contribu- 
tions to generic weak values, we may approximately relate, as in Section 3.2, T^ieifc] ^° ^ s 

four-dimensional counterpart T*\ weak] by T^ ak] = Airr 2 T*\ weak] . Thus for the s-wave contri- 
butions, we get 

(T 2 ) weak , s r ^f O ( -j*—) . (3.79) 



v M 4 p(r) 4 , 

More generally, we may estimate in the vicinity of the horizon the contribution to generic weak 
values of higher angular momenta by computing the radiation from the full radial equation 
instead of the two-dimensional one, Eq.(3.29). This reads 

We see that, while s- waves can easily escape to infinity, providing the dominant contribution 
to the Hawking radiation at infinity, high angular momenta contributions have small tunneling 
through the barrier. Their ancestor form a thermal atmosphere in the region between the 
horizon and r < 3M. For generic weak values, we may estimate T^ weak ^ by its thermodynamic 
average, i.e. 
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Other components are of the same order of magnitude, or vanishing. We thus obtain 8 



(T'U'^'O^). (3.82) 

The sum rule Eq.(2.25) and the decomposition Eq.(3.59) indicates that the divergent generic 
weak value Eq.(3.82) should be of the same order as the the Boulware vacuum energy in 
the vicinity of the horizon. This value for (T 2 ) Boulware is i n agreement with the result of 
reference [16]. Eq.(2.15) yields now for the linear back-reaction of the generic partially post- 
selected amplitude 

R%R^° = 64n 2 (T 2 ) weak . (3.83) 

with the weak value on the r.h.s. evaluated in the Schwarzschild background g® v . As a conse- 
quence of the estimate Eq.(3.82), the linear approximation, and presumably also the field theo- 
retic description of the metric, should break down around p(r) = 0(1) for partially post-selected 
amplitudes. This should be true due to the oscillations in (T 2 ) weak , even if the singularities on 
the horizon in weak values were disregarded (see footnotes 4 and 5). 

The classical background arising from the saddle point contribution to generic amplitudes 
post selected on J + appears to break down at an invariant Planck distance from the horizon 
where the dominant contribution to the Hawking radiation occurs. One might have objected 
that the transplanckian fluctuations of the weak energy-momentum tensor in the vicinity of 
the horizon are irrelevant as compensation is expected to occur when an incoming object feels 
transplanckian effects on both sides of the horizon [15]. But, independently of the fact that 



8 Notice that this result is related to the number N(r) of modes which can cross p(r) before being reflected. 
To reach a radius r, they must have a Schwarzschild energy oj ~ 1/M such that 



2> ^_2M^ (2M | 1(1 + 1) 



and thus 

l 2 < 



M 2 



p(r) 2 ' 

Thus the number of modes N(r) which can cross p(r) before being reflected is 

M 2 
N(r)~ ' 



p{r) 



The particles crossing p(r) thermalize and the contribution of each mode to the generic weak value of the 
energy density T^ weaj ^ in the vicinity of the horizon is roughly the same. This also applies to the escaping 
s-wave quanta because they spend roughly the same Schwarzschild time 0(M) before reaching the potential 
barrier as higher angular momentum modes do before being reabsorbed by the horizon; this yields an average 
static distribution because the emission rate is 0(1/ M) [18]. From Eq.(3.79) and the value of N(r) we recover 
the estimate Eq.(3.82) 



(^^ M 0(^ni|.|^| =0 



( 1 \ / M 2 \ ( 1 



\M 4 p(r) 4 J ' \p(r) 2 J \p(r) 
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the present analysis does not require information from inside the horizon, the fluctuations are 
inscribed in the geometry itself as seen from Eq.(3.83), leading to inconsistency. We take 
the inadequacy of the classical geometry to describe such huge fluctuations as an indication 
that generic post-selection destroys the event horizon and that, for such amplitudes, classical 
geometry must be abandoned in favor of a genuine quantum description, which unfortunately 
is at present not available operationally. 

In view of the expected dramatic effect of post-selection on the fate of the event horizon, 
we have to reconsider the outcome of the full black hole evaporation as qualitatively depicted 
for instance in Fig.2b. This will be discussed in the forthcoming Section 4, but clearly, as 
no reliable model for full black hole evaporation does hitherto exist, our conclusions will be 
conjectural. The features arising from post-selection do not appear in the inclusive background 
defined in absence of post-selection. In that case, the background driven by (i\T^ u \i) is totally 
insensitive to Planckian gravitational effects. It does not, for time small compared to the black 
hole lifetime, depart significantly from the classical background geometry with its event horizon. 
How this can be reconciled with the effect of post-selection will now be examined. 

4 Unitary S-matrix and classical physics : the conjecture 

As pointed out in Section 2, we limit our space-time description to neighborhoods of saddle- 
points of a functional integral given in terms of local fields, but whose expression in terms of 
possible more fundamental quantities is hitherto unknown. These saddle-points geometries we 
labelled as backgrounds. 

Taking as tentative background for the evaporating black hole the Penrose diagram depicted 
in Fig.2b, a post-selection on J + would generate inconsistencies in the vicinity of the horizon, 
as previously. Planckian geometry fluctuations still are triggered by the quantum radiation. 
Following the conclusions of Section 3.3.3, we thus assume that in the full quantum history of 
the incipient black hole the horizon does not survive post-selection on J + . The description of 
an exclusive S-matrix amplitude should then be depicted on a asymptotically flat background 
void of horizon and hence of a future spatial singularity. Thus, the partial post-selection on J + , 
as performed in Section 3, becomes a full post-selection. As inclusive amplitudes are coherent 
superpositions of sets of exclusive ones defined by basis of final states, no classical horizons is 
needed in the exact quantum description. The absence of classical horizons leaves no compelling 
reason to dispute S-matrix unitarity [9]. 

The classical background of an S-matrix exclusive amplitude for a collapsing star of mass M 
is thus confined outside the region of the classical horizon to the region p > 1. The S-matrix is 
assumed to be TCP invariant, the usual evaporation through Hawking radiation being favored 
only because of its very large relative phase space [19]. A typical amplitude (not necessarily 
TCP invariant), free of horizon and space-like singularity is sketched in Fig. 4. It is inspired by 
reference [19] and comments by 't Hooft [20] . The classical region is depicted in blue and spans a 
region outside the would-be horizon which first increases from r = to r = 2M, then decreases 
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Figure 4: Penrose diagram for a black-hole S-matrix background. The shaded area extrapolating 
between two classical r = segments is dominated by quantum fluctuations 

back to r = 0, mimicking the black hole birth and death. The shaded region of the drawing 
extrapolating between two classical r = segments, is assumed generically to be dominated by 
quantum fluctuations and might not have a well-defined space-time representation. 

How does one recovers the classical horizon and more generally the motion of classical 
objects in space-time? 

A background with horizon is expected to appear for some suitable in-state in the inclusive 
amplitude, when the quantum superposition of exclusive backgrounds is disregarded in favor of 
a single saddle. No post-selection is performed and this inclusive background selects in Table 1 
the expectation value of the energy-momentum tensor as the quantum source of the Einstein 
equation Eq.(2.15). Such background appears indeed to be endowed with an event horizon 
and to be free of transplanckian fluctuations [21]. In view of this insensitivity to quantum 
gravity effects, we assume that it provides the classical approximation to the quantum black 
hole. Its conventional Penrose representation, sketched in Fig. 2b, can easily be accommodated 
to represent a real collapsing star. This approximation results in an apparent loss of unitarity. 

Let us first discuss the nature of the approximation outside of the horizon. There, the 
inclusive background is the statistical average Eq.(2.27) of the exclusive backgrounds 9 . The 
latter are approximately equivalent to the inclusive one only outside the Planckian region 
p(r) ~ 1, where there is barely radiation. We recall that the averaging is a consequence of the 
denominator appearing in the weak values driving the backgrounds. The classical event horizon 
thus emerges from the quantum interferences as a statistical average over horizonless geometries. 
As a consequence, the Bekenstein-Hawking horizon entropy S = 4-7rM 2 must be interpreted as 
a coarse-grained entropy. Consistency requires that the classical geometry, endowed with an 

9 In Section 2 the star was considered as a classical object in Eq.(2.15). It should now be included in 
the set of quantum fields, namely in the notation of Eq.(2.1), Eq.(2.15) now reads E® = — \g^L, R° = 

8n(f\f$ i} \i) /(f\i) . 
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event horizon, and in fact the classical world, has only coarse-grained significance. It is on such 
an average geometry, depicted in blue in Fig.l, that the structureless Hawking radiation was 
computed and appears as a valid approximation. 

Inside its horizon the average is ill-defined. However the inclusive background driven by 
the average energy-momentum tensor does extend in that region, which for exclusive ampli- 
tudes was assumed to be essentially quantum in character. We take this enhanced discrepancy 
between classical and quantum theory as a further confirmation of the coarse-grained nature 
of the horizon and of the black hole classical geometry. Upon such background, the quantum 
description of matter is limited by its graininess and there is no contradiction with unitarity. 

The coarse-grained entropy S is equal to In N, where N is the dimension of the Hilbert space. 
For a particular black hole, N is the number of exclusive amplitudes defined by a complete set 
of out-states. The above description of the black hole geometry is reminiscent of the tentative 
"fuzzball" description of static extremal black holes [11]. Here the fuzzball histories appear 
in exclusive processes and the role of microstates is played by the complete set of the N out- 
states. While our description of fuzzballs is more general and essentially dynamical in character, 
it clearly lacks the detailed description of the static fuzzball and its tentative interpretation in 
the AdS/CFT correspondence. 

The interpretation of horizons and more generally of classical geometries as a coarse-grained 
structure with thermodynamical significance is not new. Quite apart of its possible relation to 
fuzzballs, the analogy of the integrated Einstein equations with the law of thermodynamics was 
discovered by Bardeen, Carter and Hawking [22] . A local version was proposed by Jacobson [23] 
and generalized by many authors [24]. It was even argued that the thermodynamical significance 
of classical general relativity originates in the holographic principle [25] . 

To conclude, let us summarize our conjecture. We tentatively relate the exact (hitherto 
unknown) quantum description of Schwarzschild black holes to a classical description of the 
collapse. The quantum evolution is encoded in a unitary S-matrix constructed out of complete 
sets of exclusive amplitudes; these would admit backgrounds void of horizon and space-like sin- 
gularities, as proposed by 't Hooft. The classical approximation results from an approximate 
description of the inclusive amplitude by the inclusive background, which disregards the quan- 
tum superposition of exclusive ones. One recovers in this way the classical picture endowed with 
an event horizon as a coarse-grained structure, extracted from a unitary quantum-mechanical 
S-matrix for which no such horizon is needed. 

While the computation of the full exclusive amplitudes would require a detailed operational 
theory of quantum gravity, the above scheme itself, which appeals to the metric description only 
in the vicinity of saddle-points, does not. However it does imply that unitary black hole possess 
in the classical approximation coarse-grained horizons and geometries. Assessing our conjec- 
ture requires more insight about horizon structure in general, and thus of its implications for 
cosmological and Rindler horizons. Such considerations are differed to a separate investigation. 
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